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STABILITY OF SMALL PLASTIC CYLINDERS SUBJECTED M 
I N E F U I A L  PRESSUFE AND AXIAL COMPRESSION 
Thomas A. Carl ton,  Jr. and Gustavo A .  Aramayo 
INTRODUCTION 
The development of t h e o r e t i c a l  c r i t e r i a  f o r  t h e  buckling of  mono- 
coque and s t i f f e n e d  t h i n  s h e l l  f l i g h t  s t r u c t u r e s  has  taken p l a c e  a t  a 
r ap id  pace under t h e  impetus of t h e  space program. 
v e r i f i c a t i o n  of t hese  c r i t e r i a  has made only  l imi t ed  progress .  
reasons  for t h e  gap which has  developed between theo ry  and exper imenta l  
v e r i f i c a t i o n  a r e  numerous. 
p o s s i b l e  the  r a p i d  s o l u t i o n  of complex s h e l l  s t a b i l i t y  equat ions.  
it 
e r  r a t e  than i t  can be experimental ly  v e r i f i e d .  
The exper imenta l  
The 
The use of h igh  speed computers has made 
Thus, 
has  been p o s s i b l e  t o  generate  t h e o r e t i c a l  des ign  da ta  a t  a much f a s t -  
Unfortunately,  t h e  idea l ized  condi t ions  assumed i n  t h e  t h e o r e t i c a l  
s o l u t i o n s  a r e  not  r e a l i z e d  i n  e i t h e r  model o r  pro to type  s h e l l .  I n  o r d e r  
t o  determine i f  t h e  l a c k  of i d e a l  condi t ions  i n  a p h y s i c a l  model imposes 
a severe l i m i t a t i o n  on t h e  use of t o t a l l y  t h e o r e t i c a l  des ign  methods, a n  
ex tens ive  experimental  i n v e s t i g a t i o n  must be undertaken. 
I n  those  cases  where a p a r t i c u l a r  s t r u c t u r a l  conf igu ra t ion  has been 
d i c t a t e d  by space and s e r v i c e  requirements,  both model and p ro to type  have 
been cons t ruc ted  and t e s t e d  s o  a s  t o  e s t a b l i s h  t h e  p r a c t i c a l  l i m i t a t i o n s  
of t h a t  s t r u c t u r e .  The information gained i s  u s u a l l y  l i m i t e d  t o  t h e  
p a r t i c u l a r  s t r u c t u r e  being s tudied and i s  not  r e a d i l y  ex t r apo la t ed  t o  t h e  
g e n e r a l  a n a l y s i s  of such s t r u c t u r e s .  
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It would be d e s i r a b l e  t o  undertake a comprehensive experimental  
program t o  provide t h e  necessary  confidence i n  t h e o r e t i c a l  des ign  c r i t e r i a  
so  t h a t ,  a t  most, on ly  l imi t ed  non-destruct ive pro to type  t e s t i n g  would be 
ind ica t ed .  
a b l e  t o  provide a l a r g e  number of s u i t a b l e  models a t  a reasonable  cos t .  
Therein l ies t h e  primary ob jec t ive  of t h i s  study: t o  determine i f  s u i t -  
a b l e  models f o r  exper imenta l  s h e l l  s t a b i l i t y  s t u d i e s  can be f a b r i c a t e d  
from commercially a v a i l a b l e  shee ts  of c e l l u l o s e  a c e t a t e .  
The p r a c t i c a b i l i t y  of such a program i s  dependent on being 
Under the  terms of con t r ac t  NASB-lllSS, an  exper imenta l  s tudy was 
conducted t o  determine t h e  s u i t a b i l i t y  of c y l i n d r i c a l  s h e l l s  f a b r i c a t e d  
from f l a t  shee t s  of c e l l u l o s e  a c e t a t e  f o r  v e r i f y i n g  t h e o r i e s  of s h e l l  
s t a b i l i t y .  The uns t i f f ened  p l a s t i c  cy l inde r s  were subjec ted  t o .  va r ious  
combinations of a x i a l  compressive load and i n t e r n a l  p re s su re .  A t o t a l  
of t h i r ty - two  cy l inde r s  were f ab r i ca t ed .  However, da t a  were co l l ec t ed  
on only  twenty-three cy l inde r s .  
destroyed dur ing  i n s t a l l a t i o n  i n  t h e  t e s t i n g  machine o r  had i n i t i a l  i m -  
p e r f e c t f o n s  t h a t  made them unsui tab le  for t e s t i n g ,  
The remaining c y l i n d e r s  were e i t h e r  
It was i n i t i a l l y  proposed t o  conduct tests us ing  cy l inde r s  of v a r -  
i o u s  L/D and r/t r a t i o s .  
t o  one va lue  of L/D and t h r e e  values of r/t. 
r a t i o  were due mainly t o  t h e  d i f f i c u l t i e s  encountered i n  the  i n s t a l l a -  
t i o n  of t h e  c y l i n d e r s  i n t o  t h e  loading device.  
However, t he  a c t u a l  test  program was l imi ted  
L imi t a t ions  on the  r/t 
TEST SPECIMENS 
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The c y l i n d r i c a l  s h e l l  models were prepared from f l a t  c e l l u l o s e  ace-  
t a t e  s h e e t s  measuring 20 inches by 50 inches.  
0.0075, 0.010, and 0.015 inches.  
j e c t i o n  of t h e  e x t e r n a l  w a l l  of the cy l inde r s  and a l o n g i t u d i n a l  seam 
was formed by making a lap j o i n t  and g lu ing  wi th  F ibes tos  cement. 
Thicknesses used were 
These s h e e t s  were cu t  t o  f o r m  the  pro-  
De- 
pending upon t h e  w a l l  th ickness  of t h e  cy l inde r ,  two d i f f e r e n t  over laps  
were used f o r  t h e  l o n g i t u d i n a l  seam. 
t h e  cy l inde r s  of t h e  0.010 and 0,015 i nch  w a l l  th ickness  and a 114 i n c h  
over lap  was used f o r  t he  cy l inders  having a w a l l  th ickness  of 0.0075 inches  
A 1/8 i nch  over lap  was used f o r  
An at tempt  was made t o  f a b r i c a t e  cy l inde r s  w i t h  a w a l l  t h i ckness  of 0.005 
inches,  bu t  i n a b i l i t y  t o  f a b r i c a t e  s u i t a b l e  models precluded the  con t in -  
ua t ion  of t h i s  e f f o r t .  
The bas i c  dimensions of t h e  cy l inde r s  were: Length 20 inches ,  d i a -  
meter 15 inches ,  and w a l l  thicknesses  of 0.0075, 0,010, and 0.015 inches 
r e s u l t i n g  i n  rad ius- to- th ickness  r a t i o s  of 1000, 750, and 500 r e spec t ive ly .  
Wall th ickness  had a v a r i a t i o n  of - 0.002 inches a s  determined wi th  a 
micrometer reading  t o  the  nea res t  0.0005 inches.  The diameter  of t he  
4- 
c y l i n d e r s  was w i t h i n  0.05 p e r  cent of t h e  nominal dimension of 1-5 inches.  
Coupons from each  t e s t  cy l inde r  were obtained i n  an  at tempt  t o  d e t e r -  
mine t h e  m a t e r i a l  p r o p e r t i e s  of  the i n d i v i d u a l  specimen. F l a t  coupons 
1 inch  wide and having va r ious  gage lengths  were used. The r e s u l t s  of  
t h e s e  tests were i n c o n s i s t e n t  and found t o  be of l i t t l e  va lue  i n  d e t e r -  
mining t h e  modulus of e l a s t i c i t y  and P o i s s o n ' s  r a t i o .  
I n  a f u r t h e r  a t tempt  t o  determine t h e  m a t e r i a l  p r o p e r t i e s ,  data  c o l -  
l e c t e d  i n  t h e  t e s t i n g  of t h e  i n d i v i d u a l  c y l i n d e r s  were analyzed.  From 
t h e  tes t  of a cy l inde r  a t  zero i n t e r n a l  p re s su re ,  t he  modulus of e l a s t i c i t y  
. 
9 i n  compression can be computed f r o m  t h e  load-deformation curve and t h e  
dimensions of t h e  cy l inder .  
uns t r a ined  cy l inde r  i s  t o t a l l y  r e s t r a ined  when t h e  i n t e r n a l  p r e s s u r e  i s  
appl ied ,  ice., 6 = 0, i t  i s  poss ib le  t o  compute P o i s s o n ' s  r a t i o .  When 
t h e  c y l i n d e r  i s  clamped t o  t h e  loading head, t he  d i f f e r e n c e  between the  
Then, i f  the  v e r t i c a l  deformation of t h e  
Y 
i n t e r n a l  p re s su re  f o r c e  on t h e  loading head and t h e  load requi red  t o  pre-  
vent  v e r t i c a l  deformation i n  t h e  cy l inde r  i s  used t o  compute t h e  long i -  
t u d i n a l  t ens i le  stress, o i n  the c y l i n d e r  wal l .  The hoop stress, a 
i s  equa l  t o  p ( r / t > .  
ured f o r c e s  ind ica t ed  t h a t  s l i p p i n g  occurred between t h e  c y l i n d e r  and 
t h e  loading head i n  every t e s t ,  thus, p a r t i a l l y  r e l i e v i n g  the  induced 
Y' X' 
Thus, Poissonls  r a t i o , ?  , i s  a /a However, meas- Y x' 
0 s t r e s s .  For t h i s  reason, i t  was necessary  t o  d i s r ega rd  c a l c u l a t e d  
v a l u e s  of Po i s son l s  r a t i o  and use an  assumed va lue  of 0.3. 
Y 
From t h e  
resu l t s  of the t e n s i o n  t e s t s  of the coupons, the tes t  cy l inde r  d a t a  and 
manufac turer ' s  recommendations, a modulus o f  e l a s t i c i t y  of h10 5 p. s. i. 
was assumed. 
EQUIPMENT AND PROCEDUWS 
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An I n s t r o n  u n i v e r s a l  t e s t i n g  machine was used f o r  applying t h e  load 
and measuring t h e  load and deformation. 
t o t a l  movement of t h e  machine p l a t e n  and included any s l i p p i n g  between 
t h e  loading  head and t h e  tes t  cy l inder .  The load was t r a n s f e r r e d  t o  the  
c y l i n d e r s  by means of end loading p l a t e s .  
f i t  i n t o  t h e  test  cy l inde r  a d i s t ance  of one inch.  
f a s t e n e d  t o  t h e  movable head of the machine and t h e  upper  p l a t e  was 
f a s t ened  t o  a load ce l l .  
r i g  by s l i d i n g  t h e  ends of t h e  specimen over  the  load ing  p l a t e s  and then 
clamping t o  t h e  loading p l a t e s  with a meta l  s t r a p  one-half i nch  wide. 
Thus, t h e  load was t r a n s f e r r e d  through t h e  clamps i n t o  t h e  cy l inde r .  
clamps a l s o  helped s e a l  any pressure  l eaks  r e s u l t i n g  from a l a c k  o f  f i t  
between t h e  c y l i n d e r  and t h e  loading p l a t e s .  
The deformation measured was t h e  
The p l a t e s  were designed t o  
The lower p l a t e  was 
The cy l inders  were i n s t a l l e d  i n  the  loading  
The 
I n t e r n a l  p re s su re  was provided from an a i r  supply a t  150 p . s . i .  The 
a i r  passed through a pressure  r e g u l a t o r  and a r e l i e f  va lve  before  going 
i n t o  t h e  cy l inder .  A constant  pressure  was maintained du r ing  each t e s t  
by a l lowing  a regula ted  amount of a i r  t o  escape from t h e  cy l inde r .  Zn- 
t e r n a l  p re s su re  was measured by means of a manometer r ead ing  i n  inches  
of mercury. Load ve r sus  deformation was obtained from a n  X - Y r eco rde r  
w i t h  a n  e l e c t r i c  s t r a i n  gage load c e l l  p rovid ing  the  load inpu t  and a 
r e s i s t a n c e  poten t iometer  providing machine crosshead movement a s  t he  
deformation input .  
The c y l i n d e r  specimens were deformed a t  a cons t an t  r a t e .  I n  o rde r  
t o  determine t h e  e f f e c t  of r a t e  of loading on t h e  c r i t i c a l  buckl ing load,  
two d i f f e r e n t  r a t e s  were inves t iga t ed .  These r a t e s  were 0.005 and 0.05 
6 
9 inches/minute displacement of the  crosshead of t he  loading  machine. A t  
low va lues  of i n t e r n a l  pressure ,  t he  buckl ing load r e s u l t i n g  from the  
high r a t e  of deformation was about 3 p e r  cen t  higher  than  the  buckl ing 
load obtained us ing  the  lower r a t e .  
s u r e  of 1.5 p . s . i .  and higher,  no d i f f e r e n c e  i n  the  buckl ing loads was 
found a t  t he  two d i f f e r e n t  rates o f  deformation. The da ta  c o l l e c t e d  re- 
p resen t  values  of buckling corresponding t o  t h e  slow r a t e  of loading.  
However, a t  va lues  of i n t e r n a l  pres -  
The load-deformation curve f o r  t h e  test c y l i n d e r s  was e s s e n t i a l l y  
l i n e a r  over  most of t h e  range. However, near  t h e  maximum load,  a sha rp  
but  smooth t r a n s i t i o n  i n t o  a h o r i z o n t a l  p l a t eau  of constant  load and i n -  
c r eas ing  deformation occurred. 
from t h i s  h o r i z o n t a l  p l a t e a u  of the load-deformation curve. 
C r i t i c a l  buckl ing load was determined 
I n  some cases ,  t he  formation of i s o l a t e d  diamond-shaped buckles  
occurred p r i o r  t o  any i n d i c a t i o n  of buckl ing i n  t h e  load-deformation 
curve.  The load a t  which t h i s  occurred was not recorded s i n c e  t h e  c r i t -  
i c a l  buckl ing load was found t o  be on ly  s l i g h t l y  higher.  
of buckles i n  the  unpressurized cy l inde r s  was predominant around the  seam 
i n  reg ions  t h a t  showed some i n i t i a l  imperfec t ions .  A t  h ighe r  loads,  t h e  
buckles showed a more uniform d i s t r i b u t i o n  and they  were always more num- 
erous i n  a r e a s  having such i n i t i a l  imperfec t ions  a s  den t s  and r i p p l e s .  
The formation 
I n  t h e  p re s su r i zed  cy l inde r  tests,  t h e  i n t e r n a l  p re s su re  el iminated 
most of t h e  v i s i b l e  evidence of imperfec t ions  i n  the  cy l inde r s ,  I n  t h e  
p re s su r i zed  tes ts ,  t he  formation of t h e  diamond-shaped buckles  was pre-  
ceded by t h e  formation of a uniform c i r c u m f e r e n t i a l  r i p p l e  a t  t o p  and 
bottom of t h e  specimen. A t  t h e  c r i t i c a l .  buckling load e s t a b l i s h e d  by 
t h e  load-deformation curve,  some diamond shape buckles  appeared i n  t h e  
same reg ions  and progressed i n  the c i r c u m f e r e n t i a l  d i r e c t i o n .  
buckles ,  i n  c o n t r a s t  wi th  the  ones formed i n  unpressurized t e s t s ,  had 
These 
t h e i r  maximum dimension i n  the  c i rcumferent ia l  d i r e c t i o n ,  
The t e s t s  were conducted by f i r s t  apply ing  the  i n t e r n a l  p re s su re  t o  
the  c y l i n d e r  while  prevent ing  any movement of t h e  t e s t i n g  machine p l a t en .  
The r e s t r a i n i n g  f o r c e  was recorded, The a x i a l  compressive load was then  
appl ied  t o  t h e  c y l i n d e r  while  t he  i n t e r n a l  p re s su re  remained cons tan t .  
Each cy l inde r  was subjec ted  t o  a series o f  tes ts  i n  which the  i n t e r n a l  
p re s su re  was var ied  from tes t  t o  test  and i n  which t h e  cy l inde r  was u l -  
t i m a t e l y  destroyed.  
pressure ,  t h e  load and p res su re  were r e l i e v e d ,  t h e  p r e s s u r e  was increased  
by 1/2 p s i  and t h e  c y l i n d e r  was again loaded t o  t h e  c r i t i c a l  buckl ing 
load a t  t h e  increased  i n t e r n a l  pressure.  This procedure was e s t ab l i shed  
a f t e r  one cy l inde r  was t e s t e d  t o  determine i f  i t  were p o s s i b l e  t o  re -use  
t h e  same cy l inde r  f o r  d i f f e r e n t  values o f  i n t e r n a l  p re s su re .  
tests showed t h a t  t h e  same cy l inde r  could be used s e v e r a l  times provided 
t h a t  t h e  deformation was stopped a s  soon a s  t h e  c r i t i c a l  buckling load 
was reached. 
A f t e r  a cy l inde r  was buckled a t  one va lue  of i n t e r n a l  
Pre l iminary  
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THEORETICAL BUCKLING CRITERION 
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A summary of t he  t h e o r e t i c a l  buckl ing c r i t e r i a  f o r  p re s su r i zed  and 
unpressurized monocoque t h i n  s h e l l s  i s  presented by Har r i s ,  Suer,  Skene, 
and Benjamin. (1) C r i t i c a l  buckling s t r e s s  f o r  t he  unpressur ized  cy l inde r  
based on Donnel l ’s  ( 2 )  equat ions  i s  given i n  terms of a buckl ing c o e f f i -  
c i e n t  , 
buckl ing  c o e f f i c i e n t  becomes 
For t h e  case of unpressurized long cy l inde r s ,  t h i s  t h e o r e t i c a l  
KC’ 
The equat ion  f o r  c r i t i ’ c a l  stress i s  
S u b s t i t u t i o n  of t he  buckl ing c o e f f i c i e n t  i n t o  t h e  c r i t i c a l  s t r e s s  
equat ion  r e s u l t s  i n  t h e  fo l lowing  equat ion  f o r  c r i t i c a l  stress 
where y\ = 1 f o r  t h e  case  of e l a s t i c  buckling. 
For a c y l i n d e r  subjec ted  t o  a combination of a x i a l  load and i n t e r n a l  
p re s su re ,  t h e  c r i t i c a l  stress and i n t e r n a l  pressure  a r e  expressed i n  terms 
of t h e  fo l lowing  non-dimensional parameters.  
where o i s  t h e  s t r e s s  i n  t h e  cy l inder  a t  buckling. c r  
Lo, Crate ,  and Schwartz (3)  i n d i c a t e  t h a t  t h i s  s t r e s s  i s  equa l  t o  
t h e  stress i n  t h e  cy l inde r  corresponding t o  the  load i n  the  c y l i n d e r  a t  
9 . 
the  time of l o c a l  buckling i n  any p a r t i c u l a r  reg ion  of t h e  s h e l l .  Thus, 
from t h e s e  parameters  and i n  accordance w i t h  L o ’ s  a n a l y s i s ,  the va lue  of 
- 
o i nc reases  from 0.376 f o r  
The Flugge theory  (4) i n d i c a t e s  t ha t  t he  va lue  of 0 
f o r  a l l  values  of 5. 
= 0 t o  a maximum of 0.605 f o r  5 = 0.169, c r  
i s  equal  t o  0.605 c r  
Following L o ’ s  a n a l y s i s ,  another  non-dimensional parameter,  
no = 0 - 0  c r  c r  c ro  
K =  L!c (z) 
C TT2 
( 7 )  
- 
can be determined. The only  new term i s  o , t he  non-dimensional s t r e s s  
corresponding t o  a condi t ion  o f  zero i n t e r n a l  p re s su re .  The d e f i n i t i o n  of 
c ro  
t h e  stress term i s  the  same a s  the one ind ica t ed  f o r  t he  non-dimensional 
buckl ing stress. Test r e s u l t s  can be i n t e r p r e t e d  a s  a per cen t  of the  
t h e o r e t i c a l  buckl ing stress computed by equat ion 3. Both t h e  t h e o r e t i c a l  
and experimental  buckling s t r e s s  and t h e  i n t e r n a l  p re s su res  a r e  s u b s t i -  
t u t e d  i n t o  equat ions  k and 5 f o r  comparison purposes.  
I n  t h e  a n a l y s i s  o f  t he  unpressurized cy l inde r s ,  equa t ion  1 i s  re-  
w r i t t e n  i n  the  fo l lowing  form 
where t h e  va lue  of Z i s  a s  follows: 
A l s o ,  equat ion 4 i s  r e w r i t t e n  i n  the fo l lowing  form: 
o = E ? (L) 
c r  c r  r 
EXPERIMENTAL DATA 
The r e s u l t s  of t h e  experimental  s tudy a r e  presented  i n  Tables I, 
10 
11, 111, and I V  of t h e  appendix. For ease  i n  a n a l y s i s ,  t h e s e  da t a  a r e  
f u r t h e r  summarized i n  g raph ica l  form. 
s u b s t i t u t e d  i n t o  equat ions  4 and 5 and t h e  r e s u l t s  p l o t t e d  i n  F igures  1, 
The exper imenta l  d a t a  have been 
2, and 3 .  
of r/t. 
l i n g  load divided by t h e  c ros s - sec t iona l  a r ea  of  t h e  c y l i n d e r  wal l .  The 
Each of t h e s e  f i g u r e s  presents  t h e  da t a  f o r  a p a r t i c u l a r  va lue  
was computed a s  t h e  ne t  buck- The c r i t i c a l  buckling s t r e s s ,  CT c r y  
ne t  buckl ing load is  t h e  t o t a l  load on the  c y l i n d e r  a t  buckl ing minus the  
i n t e r n a l  pressure  r e a c t i o n  load, p ( v r  >. Each of the  above f i g u r e s  con- 
t a i n s  a l l  of t h e  s a t i s f a c t o r y  experimental  va lues  of Tcr vs  p f o r  a 
p a r t i c u l a r  r/t r a t i o .  I n  add i t ion ,  the va lues  of 0 have been averaged 
f o r  each va lue  of 5 
c r '  
The t h e o r e t i c a l  r e l a t i o n s h i p  according t o  Lo ( 3 )  i s  a l s o  shown on each of 
2 
- 
c r  
and a curve sketched f o r  t h e s e  average va lues  of a 
t h e s e  f i g u r e s ,  It should be noted t h a t  t he  exper imenta l  da t a  more c l o s e l y  
approximates t h e  theory  f o r  t h e  highest  r/t r a t i o  of 1000. The average 
va lues ,  taken from Figures  1, 2, and 3 ,  have been summarized i n  Figure 4 
f o r  comparison purposes.  
The da ta  of Tables 1, 11, and I11 have a l s o  been s u b s t i t u t e d  i n t o  
equat ion  6 and t h e  r e s u l t s  p lo t t ed  i n  F igures  5,  6, and 7 .  Average va lues  
from t h e s e  graphs a r e  summarized i n  Figure 8. 
s t a b i l i z i n g  in f luence  of i n t e r n a l  pressure .  Lo, Cra te ,  and Schwartz ( 3 )  
These f i g u r e s  emphasize t h e  
have suggested t h a t  b e t t e r  c o r r e l a t i o n  between theory  and experiment. ,can 
be obtained i f  t h e  increment i n  buckling parameter,  
a g a i n s t  t h e  p re s su re  parameter,  6. 
- 
Aoo, i s  p l o t t e d  
11 
The experimental  da t a  f o r  the unpressurized cy l inde r s  a r e  presented  
CT 
- 
i n  Figure 9 a s  a p l o t  of t h e  stress parameter,  
A b e s t  f i t  curve f o r  t hese  da t a  was determined by t h e  method of l e a s t  
squares .  The equat ion f o r  t h i s  curve i s  a s  fol lows:  
ve r sus  t h e  r/t r a t i o ,  c r  ’ 
- 
CT, = 0.209 - 0.00003 T 
CY 
Using equat ion  10, f o r  r/t r a t i o s  of  500, 750, and 1000, va lues  of 7 
were computed r e s p e c t i v e l y  a s  0.194, 0.186, and 0.179. It fo l lows  then, 
from equat ion  9, t h a t ,  f o r  t h e  unpressurized cy l inde r s ,  t h e  bes t  f i t  ex- 
pe r imen ta l  va lues  of t h e  c r i t i c a l  buckling stress, o a r e  r e s p e c t i v e l y  
155.00, 99.20, and 71.60 p .s . i .  Equation 2 was solved f o r  t h e  buckl ing 
c o e f f i c i e n t ,  Kc, f o r  t h e  case of  e l a s t i c  buckl ing and t h e  m a t e r i a l s  and 
geometry used i n  t h i s  s tudy.  
a r e  r e s p e c t i v e l y  (4.438)(acr) ,  (9.9855)(ocr), and (17.752)(ocr) f o r  r/t 
r a t i o s  of 500, 750, and 1000. 
o 
r e s p e c t i v e l y  687.89, 990.56, and 1271.04. The va lues  of Z computed from 
equa t ion  8 a r e  3060, 4591, and 6120 f o r  w a l l  th icknesses  of 0.015, 0,010, 
and 0.0075, r e spec t ive ly .  
c r  
cr’  
Kc + The va lues  of t he  buckling c o e f f i c i e n t ,  
Using t h e  va lues  of c r i t i c a l  buckl ing stress, 
computed above, t h e  experimental  buckl ing c o e f f i c i e n t s ,  Kc, be come c r y  
The va lues  of exper imenta lK and Z computed above have been p l o t t e d  
on log-log paper  i n  F igure  10 a f t e r  t h e  manner of Har r i s ,  Suer,  Skene, and 
Benjamin (1). 
p e r  cent  p r o b a b i l i t y  curves  taken from t h e  same reference .  
C 
Superimposed on t h i s  p l o t  a r e  t h e  t h e o r e t i c a l  and the  90 
1% 
ANAIIYSIS OF RESULTS 
The f a b r i c a t i o n  of t he  t e s t  cy l inders  was performed i n  a very  un- 
sophis toca ted  manner. The shee t s  were hand trimmed and t h e  cy l inde r s  were 
not formed around a mandrel. Rather,  t he  j o i n t s  were formed on a f l a t  
t a b l e  such t h a t  t h e  o r i g i n a l  specimen looked more l i k e  a n  envelop than  a 
cy l inder .  This r e s u l t e d  i n  a t e s t  ‘pecirner~ j r i  Izrhich smal-1 l o c a l  imper- 
feclioii:,  were r e a d i l y  no t i ceab le .  lJr8rortunate1y, i t  i s  not  poss ib l e  t o  
r ep resen t  t h e  q u a l i t y  of t h e  specimen i n  terms of i n i t i a l  l o c a l  imperfec- 
t i o n s .  However, i t  must be assumed t h a t  a l l  had some l o c a l  imperfec t ions .  
In view of t h e  above ob%vervatjons on l o c a l  imperfec t ions ,  s e v e r a l  
i n t e r e s t i n g  observa t ions  can be made from Figures 1, 2. and 3. It can 
be observed t h a t ,  f o r  a l l  t h r e e  r/t r a t i o s  represented  in these  f i g u r e s ,  
t h e  curve f o r  t h e  average va lues  tends t o  f l a t t e n  o u t  and become p a r a l l e l  
t o  t h e  t h e o r e t i c a l  curve o f  Lo a s  5 Furthermore, t h e  exper i -  
mental  s c a t t e r  tends t o  l e s s e n  a s  p i nc reases .  Since t h e  same cy l inde r s  
w e r e  used i n  most cases  f o r  t h e  f u l l  range of  6, i t  appears  t h a t  t h e  ef-  
f e c t  of l o c a l  imperfec t ions  i s  less a t  h igh  p res su res .  This i s  s l i g h t l y  
misleading s i n c e  many of t h e  highly imperfect  cy l inde r s  were a c t u a l l y  des- 
t royed before  t h e  h igher  va lues  of i n t e r n a l  pressure  could be reached. 
i nc reases .  
- 
Assuming t h a t  t h e  s c a t t e r  i n  t h e  experimental  da ta  i s  d i r e c t l y  r e -  
1,iLcti .lo the q u a l i t y  of t h e  cy l inder ,  i t  i s  obvious t h a t  a l a r g e  number 
of to:.ts must be conducted when r e l a t i v e l y  imperfec t  cy l inde r s  a r e  used. 
Although t h e  behavior of t h e  ind iv idua l  models i s  e r r a t i c ,  t h e  curves  re- 
p re sen t ing  t h e  averages of t he  s e v e r a l  tests behave very  much according 
t o  theory.  An e r r o r  i n  t h e  modulus of e l a s t i c i t y  would s h i f t  a l l  d a t a  
p o i n t s  a n  equa l  r e l a t i v e  amount, bu t  t he  s c a t t e r  i s  s t r i c t l y  a func t ion  
13 
of the  models and of t h e  t e s t i n g  procedure and t h e  t rend  of t h e  averages 
i s  a measure of the  a b i l i t y  of c e l l u l o s e  a c e t a t e  t o  serve a s  a m a t e r i a l  
from which t o  cons t ruc t  t h e  models, 
Another i n t e r e s t i n g  observa t ion  can be made concerning the  e f f e c t  
of i n i t i a l  imperfec t ions  a s  a func t ion  o f  r/t r a t i o .  
r/t of 500, the  s c a t t e r  i s  l a r g e  and the  t r end  of t h e  averages i s  i r r e g u -  
l a r .  
I n  F igure  1, f o r  
I n  Figure 2 f o r  r/t of 750, t he  t rend of the  averages  i s  smoother 
and more c l o s e l y  approaches t h e  t h e o r e t i c a l  curve. 
of 1000, t h e  t rend of t h e  averages is  q u i t e  smooth and i n d i c a t e s  t h a t  the  
I n  F igure  3, f o r  r/t 
behavior  of t h e  c y l i n d e r s  can be approximated by t h e  theo ry  of Lo. Thus, 
i t  appears  t h a t ,  when pressur ized ,  tes t  da t a  f o r  t h e  cy l inde r s  having the 
h ighe r  r/t r a t i o s ,  o r  a t  l e a s t  made from t h e  t h i n n e r  ma te r i a l s ,  a r e  less 
e f f e c t e d  by the  i n i t i a l  imperfect ions.  This assumes t h a t  models of a l l  
t h i cknesses  had t h e  same r e l a t i v e  i n i t i a l  imperfec t ions ,  
According t o  Lo, Cra te ,  and Schwartz ( 3 ) ,  a b e t t e r  c o r r e l a t i o n  be- 
tween theory  and experiment can be obtained i f  t h e  increment i n  buckling 
parameter,  A 0 
pres su re  parameter,  5. 
i n  Figure 5 f o r  t h e  c y l i n d e r s  having an r/t of 500. However, F igures  6 
and 7 f o r  t h e  h igher  r/t r a t i o s  show the  data  p o i n t s  t o  f a l l  w e l l  above 
a s  computed by equat ion 6, i s  p l o t t e d  a g a i n s t  t he  c r  ’ 
This appears t o  be v e r i f i e d  by t h e  r e s u l t s  shown 
t h e  theory l i n e  of Lo. I n  a t tempting t o  v e r i f y  t h e  theory,  Lo assumed 
- 
t h a t  t he  unpressurized buckl ing parameter, 3 was always equa l  t o  
0.36, and sub t r ac t ed  t h i s  va lue  from t h e  exper imenta l  p re s su r i zed  buckl ing 
parameter,  o t o  o b t a i n  t h e  incremental  buckl ing parameter,  A 0 . 
However, from Figures  1, 2, and 3 i t  i s  seen t h a t  t h e  unpressurized buck- 
ling parameter, o determined i n  t h e  exper imenta l  program a t  the  
U n i v e r s i t y  of Alabama i s  of t h e  o rde r  of 0.2. Had t h e  t h e o r e t i c a l  un- 
c ro  ’ 
- 
c r  ’ c r  
- 
cro’ 
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pres su r i zed  buckl ing parameter, 0.36, been used t o  compute t h e  p o i n t s  
shown i n  F igures  6 and 7, t he  r e s u l t s  would have ve ry  c l o s e l y  approximated 
t h e  theory  of Lo. To a lesser ex ten t ,  t h e  same would have been t r u e  f o r  
t h e  h igher  va lues  of shown i n  Figure 5. Thus, i t  i s  c l e a r l y  seen t h a t  
t h e  effects of p r e s s u r i z a t i o n  quickly minimize t h e  in f luence  of model i m -  
p e r f e c t i o n s  
t e r i a l s .  Also ,  a t  h igher  pressures ,  t h e  t h i c k e r  m a t e r i a l s  a r e  less i n f l u -  
enced by t h e  i n i t i a l  imperfect ions.  The theory of Lo appears  t o  be s a t -  
i s f a c t o r y  f o r  determining t h e  c r i t i c a l  buckling s t r e n g t h  of h igh  r/t, 
p res su r i zed  cy l inde r s  and f o r  lower r/t cy l inde r s  having h igh  i n t e r n a l  
p re s su res .  
on t h e  buckl ing s t r eng th  of c y l i n d e r s  made wi th  t h i n n e r  ma- 
- 
The c r i t i c a l  buckl ing parameter, o of t h e  unpressurized c y l i n -  c r  ’ 
d e r s  has  been p l o t t e d  aga ins t  r/t i n  F igure  9, and a b e s t  f i t  curve de- 
termined by l e a s t  squares .  The values of 0 
t o g e t h e r  w i t h  t h e  r e spec t ive  r/t r a t i o s  was used t o  compute va lues  of K 
and Z from equat ions  2 and 8 r e spec t ive ly .  
i n  F igure  10 a g a i n s t  t h e  t h e o r e t i c a l  curve of t hese  q u a n t i t i e s  and t h e  
90 per cent  p r o b a b i l i t y  curve. It i s  noted t h a t ,  i n  each case ,  t h e  r e s u l t s  
determined from the  b e s t  f i t  l i n e  f a l l  above the  90 p e r  cent  p r o b a b i l i t y  
l i n e .  Furthermore, i n  only  two c a s e s  do t h e  i n d i v i d u a l  tes t  r e s u l t s  f a l l  
below t h e  90 p e r  cent  p r o b a b i l i t y  l i n e .  
determined from t h i s  curve c r  
C 
These va lues  have been p l o t t e d  
. 
CONCLUSIONS 
The l imi t ed  na ture  of t h e  experimental  work performed i n  t h i s  inves-  
t i g a t i o n  does not  permit reaching a l a r g e  number of broad conclusions.  
However, w i t h i n  the  scope of t h e  work performed, s e v e r a l  l imi t ed  but  i m -  
p o r t a n t  conclusions can be drawn. 
1. The l a r g e  amount of s c a t t e r  i n  t h e  t e s t  r e s u l t s  i n d i c a t e s  t h a t  
more ca re  should be taken i n  f a b r i c a t i n g  t h e  tes t  specimens and i n  con- 
duc t ing  t h e  i n d i v i d u a l  t e s t s .  
be t e s t e d  and t h e  average of t h e  r e s u l t s  used f o r  a n a l y s i s  purposes.  
Several  n e a r l y  i d e n t i c a l  specimens should 
2. The manner i n  which t h e  data obtained us ing  c y l i n d e r s  f a b r i c a t e d  
from c e l l u l o s e  a c e t a t e  tend t o  v e r i f y  the  theo ry  of Lo, Cra te ,  and Schwartz 
( 3 ) ,  i n d i c a t e s  t h a t  t h e  use  o f  t h i s  m a t e r i a l  f o r  p rovid ing  low cos t  t es t  
cy l inde r s  should be encouraged. However, a s a t i s f a c t o r y  method of de-  
termining t h e  modulus of e l a s t i c i t y  must be used. 
3 .  F o r  cy l inde r s  having high r/t r a t i o s ,  t h e  e f f e c t  of i n i t i a l  l o c a l  
imperfec t ions  on buckl ing s t rength  i s  quick ly  minimized by i n t e r n a l  p re s -  
s u r e .  The more r i g i d  t h e  w a l l s  o f  t h e  cy l inde r ,  t h e  higher  must be t h e  
i n t e r n a l  p re s su re  t o  s a t i s f a c t o r i l y  minimize t h e  imperfect ions.  
4. I n  s tudying  unpressurized cy l inde r s ,  t h e  t es t  specimens should 
be a s  nea r ly  f r e e  of i n i t i a l  imperfect ions a s  poss ib l e .  
such imperfec t ions  c r i t i c a l l y  inf luences  t h e  buckl ing s t r e n g t h  of such 
cy l inde r s .  
5’. 
The presence of 
The theory of Lo, Crate, and Schwartz ( 3 )  i s  s a t i s f a c t o r y  f o r  
determining t h e  c r i t i c a l  buckling s t r e n g t h  of p re s su r i zed  uns t i f f ened  
c y l i n d e r s  provided t h a t  t h e  w a l l s  behave a s  a membrane. 
6.  Test cy l inde r s  of ce l lu lose  a c e t a t e  can be buckled e l a s t i c a l l y  
s e v e r a l  times without  ma te r i a l ly  e f f e c t i n g  the  c r i t i c a l  buckl ing load.  
This i s  t r u e  f o r  both t h e  pressurized and t h e  unpressurized condi t ions .  
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TABLE I. - TEST RESULTS FOR CYLINDERS WITH r/t o f  500. 
.---- 
0 ‘cr 
e. 
169.76 
140.05 
152.78 
183.91 
188. 15 
315.90 
242 34 
330 05 
354.10 
358.34 
pe c ime n 
Number 
’15 
24 
28 
29 
30 
- 
P 
I 
0 
0 
0 
0 
0 
- 
0 cr 
0.211 
0.175 
0.191 
0.230 
0.235 
no c r  
0 
0 
0 
0 
0 
c r  P 
I 
120.0 
99.0 
108.0 
130. o 
133.0 
P 
0.625 
0.625 
0.625 
0.625 
0.625 
223.3 
171.3 
233 3 
250.3 
253.3 
0.395 
0.303 
0.413 
0.443 
0.448 
0.184 
0.128 
0.222 
0.213 
0.213 
0.119 
0.119 
0.263 
0.224 
0.224 
15 
24 
28 
29 
30 
15 
24 
28 
29 
30 
15 
24 
28 
29 
30 
24 
28 
29 
30 
1.250 
1.250 
1.250 
1.250 
1.250 
263.98 
235.67 
363 01 
363.01 
367.26 
0.330 
0.294 
0.454 
0.454 
0.459 
186.6 
166.6 
256.6 
25’6.6 
259.6 
172.9 
44. 9 
314.9 
270.9 
264.9 
133.2 
293.2 
271.2 
263.2 
2 
2 
2 
2 
2 
3 
3 
3 
3 
3 
1.875 
1.875 
1.875 
1.875 
1.875 
244.60 
204.99 
445.49 
383.24 
374.75 
0.305 
0.256 
0.557 
0.479 
0.468 
0.094 
0.081 
0.366 
0.249 
0.233 
2.500 
2.500 
2.500 
2.500 
0.236 
0.518 
0.479 
0.465 
188.44 
414.79 
383.67 
372.35 
384.09 
454.83 
353.39 
424.13 
0.061 
0.327 
0.249 
0.230 
0.289 
0.338 
0.251 
0.300 
3.125 
3.125 
3.750 
3.750 
271.5 
321.5 
249.8 
299.8 
0.480 
0.568 
0 442 
0.530 
28 
29 
28 
29 
5 
5 
6 
6 
I 
18 
- 
P c r  P 
- 
0 c r  
3pe c imen 
Number 
- 
A 0  cr 
0 
0 
0 
0 
0 
0 
P 
6 
7 
8 
9 
4 
16 
21 
22 
108.24 
110.36 
63.67 
53.06 
87.02 
91.26 
0.202 
0.207 
0.119 
0.163 
0.099 
0.171 
6 
7 
8 
9 
4 
16 
21 
22 
1. LO6 
1.406 
1.406 
1.406 
1.406 
1.406 
1.406 
1.406 
0.177 
0.244 
0.402 
0.308 
0.316 
0.118 
--- 
0 464 
0.405 
0.384 
0.400 
95.3 
1130 3 
113 3 
131.3 
118.3 
104.3 
136.3 
14.3 
107.6 
141.6 
126.6 
139.6 
113.6 
h6.6 
0.379 
0.451 
0.451 
0.521 
0.471 
0.415 
0.289 
0.455 
0.428 
0.583 
0.563 
0.504 
0.555 
0.452 
202.27 
240.47 
240.47 
278.67 
251.08 
221.37 
289.28 
242.59 
228.37 
311.15 
300.53 
268.70 
296.29 
241.11 
~~ 
7 
9 
4 
16 
21 
22 
7 
9 
4 
16 
21 
22 
-- -.-- 
2 
2 
2 
2 
2 
2 
3 
3 
3 
3 
3 
3 
-.- 
2.812 
2.812 
2.812 
2.812 
2.812 
2.812 
-.I___ 
4.218 
4.218 
4.218 
4.218 
4.218 
4.218 
~ 
111.9 
162.9 
126.9 
124.9 
129.9 
116.9 
237.50 
345.74 
269 34 
265.09 
275. 70 
248.11 
0.445 
0.648 
0.505 
0.497 
0.517 
0.465 
0.529 
0.342 
0.398 
0.346 
TABLE 11. - TEST RESULTS FOR CYLINDERS WITH r/t of 750-CONCLUDED. . 
Specimen 
7 4 
9 4 
l.4 4 
2 1  4 + 2 1  7.031 I 126.5 
7.031 
7.031 
0 
c r  
--_-I-___ 
325.15 
287.70 
282.70 
314.54 
293.32 
268.48 
300.32 
300.32 
- 
0 
c r  
0.609 
0.530 
0.530 
0.589 
0.550 
- 
A 0  c r  
0.411 
0.367 
0.418 
0.392 
Note: Values of A; a r e  not given f o r  c y l i n d e r s  7 and 22 s i n c e  tes ts  
were not  conducted on these cy l inde r s  i n  t h e  unpressurized con- 
d i t  ion.  
c r  
20 
0.219 
0.219 
0.624 
0.483 
0.342 
0.589 
0.589 
0.688 
0.471 
0 
0 
0.h4l 
0.370 
0.469 
TABLE 111. - TEST RESULTS FOR CYLINDERS W I T H  r/t of 1000. . 
- 
P 
3pe cimen 
Number P cr F 
2 1  
31 
31 
0 cr 
59.42 
87.72 
87.72 
11 
17 
18 
26 
31 
32 
0.148 0 
11 
17  
18 
26 
3’1. 
32 
2.50 
2.50 
2.50 
2.50 
2.50 
2.50 
88.3 
68.3 
48.3 
83.3 
83.3 
97.3 
249.8 
193.26 
136.67 
235.71 
235.71 
27 5.32 
11 
1 7  
18 
26 
31 
32 
~ 
5.00 
5.00 
5.00 
5.00 
5.00 
5.00 
~~ ~ 
66.6 
73.6 
74.6 
91.6 
91.6 
94.6 
~~~ ~ 
188.45 
208.25 
211.09 
259.19 
259.19 
267.68 
0.521 
0.528 
0 649 
0 647 
0.669 
0.501 
0.450 
0.428 
17 
18 
26 
31 
32 
7.50 
7.50 
7.50 
7.50 
7.50 
79.9 
79.9 
87.9 
74.9 
97.9 
226.08 
226.08 
248.7 2 
211.94 
277.02 
0.565 
0.565 
0.622 0. b74 
0.530 0.311 
0.693 0.474 
0.588 t0.553 0.334 17 32 4 4 10.0 10.0 83.2 78.2 235.42 211.27 
~ ~ 
Notes: 1, 
2.  
In Tables I, I1 and 111, Pcr is expressed in pounds; 0 
p are expressed in psi; p, o and AGcr are dimensionless. cr 
Unpressurized tests were not conducted on cylinders 11, 17,  18. 
and cr - -  
21 
. TABLE I V .  - TEST RESULT AVERAGES 
~~ ~ - 
P 
0 
0.625 
1.250 
1.875 
2.500 
3.125 
3.750 
0 
1.406 
2.812 
4.218 
5* 625 
7.031 
0 
2.50 
5.00 
7.50 
10.00 
7 50 
7 50 
7 50 
7 50 
7 50 
750 
1000 
1000 
1000 
1000 
1000 
~~~ - 
D c r  
0.208 
0.400 
0.398 
0.413 
0.425 
0.524 
0.486 
0.160 
0.429 
0. 5lk 
0.513 
0.5’62 
0.543 
0.195 
0.553 
0.581 
0.595 
0.571 
cr 
0 
0.192 
0.190 
A; 
0.205 
0.217 
0.316 
0.276 
I- 
0 
0.261 
0.413 
0.404 
0.399 
0.392 
0 
0.427 
0.460 
0.420 
0.334 
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